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Abstract. Let O denote an algebra of sets and a cr-finite measure. We then 
prove that the completion of f2 under the pseudometric d(A, B) = (i* (A/\B) is 
cr-algebra isomorphic and isometric to the Caratheodory Extension of f2 under 
the equivalence relation ~. 



1. Introduction 

This paper shows a new result by combining two papers authored by P.F. 
Mcloughlin and myself ([4], [5]). 

Let fi be a a- finite measure and let f2 denote an algebra of sets; i.e., £1 is closed 
under unions and complements. Let (X, fi, /j,) denote a measure space where fi(X) 
is finite from the a-finite property. Let fi* denote the outer measure defined by 
H*{A) = M{J2fi(A) | E C uAi and A, e Q for all i > 1}, for any A e P{X) 
where P(X) is the power set of X. Clearly, d(A, B) = fi*(AAB) is a pseudometric, 
where A is the symmetric difference of sets. In addition, d is a metric on P(X) / ^, 
where A - B iff fi*{AAB) =0. From [1], pg 292, fi*\ Q = fi. 

In [5], we defined a ^t-Cauchy sequence {B n }, B n e f2, if lim fi(B n AB m ) — > as 
n,m — > oo. Let S = {S S P(A") | 3 /^-Cauchy sequence s.t. lim / u*(i? n AS') = 

0}. 

In the first joint paper [5], we proved that S is a cr-algebra where, for any [i- 
Cauchy sequence {B n } such that \im/j,*(B n AS) — 0, the measure Ji(S) on S is 
defined as J1(S) = Um/x(S n ). In addition, we proved that Ji is a countably additive 
measure on S. Thus, (ji, S) is a measure space. We showed that the Caratheodory 
Extension of Q can be expressed as the set of limit points of ^t-Cauchy sequences un- 
der the pseudometric d(A, B) — n*(AAB). Moreover, when the measure is a sigma 
finite measure, we obtained an equivalent expression of the Caratheodory Exten- 
sion, {S <E P(X) | 3 ^-Cauchy sequence {B n } s.t. lim (i* (B n AS) — 0}. Theorem 2 
in [5] shows that E is a measurable set iff E is in S. Thus, the measure space (ji, 
S) agrees with the Caratheodory Extension when /i is a finite measure. Moreover, 
it shows that measurable sets are exactly limit points of /i-Cauchy sequences. The 
(T-finite case follows from the finite case. 

From the second joint paper [4], we denoted by (d, fi) the completion of (d, 
Vt/J). Let S be the set of all /Lt-Cauchy sequences in (d, Vt/J). By the completion 
procedures, we know {B"} ~ {B~{} iff \imd(B", B%) — defines an equivalence 
relation on S. Moreover, H = S/„ and d({B%},{Bj{}) = \imd({B%}, {B%}), where 
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{£?"} is the class of {B%}. Let E a = and E A = {A} when Aeli. Let Jl(E a ) 

= d(E a ,E $ ) = limd(S°,0) = lim/z(B°). Note that in [4] d(A, B) := fj,(AAB), 
whereas in [5] d(A, B) := /i*(AAB); the completion of Q will remain the same 
due to the property fi*\n — /x. Note that ~P(Ea) = n{A) when A £ SI. In [4], we 
defined set-theoretic notations for unions, intersections, and complements on f2 as 
follows: U : O x H -> O where U(^a x £ 7 ) = E a \J £ 7 = {B%\JBZ}; similarly for 
intersections on 0. c : Q — > O where ({-B"}) c = {(£^) c } and we showed the set 
theoretic notations are well defined on £1 in [4] . 

We showed the set theoretic notations are well defined on il in [4]. Note that 
E a f| E 1 = E® iff Jl(E a f| E y ) = iff lim fi(B™ n B^) = 0. We say E a and £ 7 are 
disjoint iff £ Q p|i? 7 = Thus, if E ai and i? Q2 are disjoint, then Jl(E ai \JE a2 ) 

= ~P( E ai) + ~P{ E a 2 ) ■ _ _ 

As for the infinite union on Q; if E ai G Q for i > 1, there exists a unique E := 

U=i E a ( in ^ such that U"=i c E for a11 n > and lim M(^n(Ur=i E m)°) = o. 
In addition, we showed that for any /i-Cauchy sequence {-B„}, there exists a f(n) 

> n such that lim/x*(-B„ Alim.Bj(„)) = 0. 

In this paper, I define a cr-algebra isomorphism between two cr-algebras, and 

define a map F : ft — > P(A) given by F({_B„}) = lim£fy(„) where /(ra) is defined as 

above. We will show that F is an isometry and a cr-algebra isomorphism between the 

completion Q and the Caratheodory Extension of O under the equivalence relation 

- defined as A - B iff n*(AAB) =0. 

2. Main Result 
Definition 1. For A, B in P(A), A = B a.c. iff fi*(AAB) = 0. 

Definition 2. Define a map F : SI — > P(A) given by F({£> n }) = lim_Bf(„) where 
lim/i*(B„AlimBj(„)) = 0. Note that such /(n) always exists by Lemma 20 in [4]. 

Remark 1. F is a map into S by the definition o/S. 
Lemma 1. F is well defined. 

Proof. Suppose that {A n } = {B n }. 

There exist f(n) andg(n) such that lim ^*( J 4„AlimA^(„)) = and lim/Lt*(-B n Alim£?g( r! 
by Lemma 20 in [4] . 

M* (EmA f(n) AlmTB s („) ) < ^* (I5L4 /(n) AA /(n) ) (A /(n) AB g(n) ) (B fl(n) AhmB 9 
by the triangle inequality. 

By taking the limit on both sides, fi* i\\m.Af^ Alim_B s („\) = 0. 

Thus, ]xniAfi n \ = \imB g ^ a.e.. Therefore, F is well-defined. 

□ 

Theorem 1. F is an isometry between and S/„ . 

Proof. First, we show F is onto S. Let X G S. Then there exists a ^-Cauchy 
sequence {B n } such that lim /i* (B n AX) = 0. 

Then there exist f(n) such that lim / u*(B„AllrnS /( „ ) ) = 0. Thus F({B n }) = 
lim_Bj(„) = X a.e.. Therefore, F is onto. 

Second, we will show F preserves the metric. Let {A„}, {B n } G O. Then we 
have f(n) and g(n) as before. 
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K A f(n) AS 9( „) ) {A f{n) AB g{n) ) 

<H*{A f[n) ABmA /(n) ) + /i*(EmA /(n) AiimB fl(n) ) + ^*(Iim"B g(n) AB g 
By taking the limit on both sides, 

lim y u(A n AB„) = ]hnfj,(A f ^AB g ^) < / u*(limA /( „)Alim.B s („)). 
In addition, 

/z* (limA/(„) AlimB s („) ) 

< H*(A f(n) A\imA f{n) ) + ju(A /w AB s(n) ) + y u*(limB s( „ ) A J B ff(n) ). 
By taking the limit on both sides, 

^*(lim J 4 /(n )AlimB 9 („)) < rim/z(A /( „) AB g ^). 

Therefore, d({A n },{B n }) = limfi(A n AB n ) = ^*(hnL4 /(rl) Alirn\B g(n) ) 

= M *(F(pJ)AF({B4)) = d(F({A^),F({B^)). 

Lastly, we will show that F is one to one. Let F({A n }), F({B n }) £ S such that 

F(p4Hf({B4)_a.e.. _ _ 

Then lirm4^(„) = limi?^) a.e. implies fi* (limAf^ Alim_B g ( n -)) = 0. Then, as in 

the proof of F being onto, lim/x(A„ AB n ) = fi* (limA f ^ Alim_B g („)). Thus {A n } 

= {B n }. Thus, F is one to one. Therefore, F is an isometry between fi and S/^ . 

□ 

Definition 3. Suppose X and Y are cr-algebras, and F: X — > Y is a one to one, 
onto well defined map. Then F is called a a-algebra isomorphism if 

oo 

F(.{J-)=F(-)UF(.), F(U0 =U£ 1 F(.), 

i=l 

F(.f]-)=F(.)nF(.), F(- c ) =F(-) C . 

Lemma 2. Let Ei = {B l n } £ £1 /or i > 1 and by following Lemma 8 in [5], construct 
Y L = U^J' 1 B} (l for each L such that 

^(U^A Uf = \ B l K J < ^(uZn^SA + n*(lll\S t A B^J < ±. 

Then Jn} ={JZi E i- 
Proof. Note that = {-B^} = {Bj^}. 

(ULi ^) PI TO = {U? =1 ^ny L } = {UE^J = ULi ^ any n. 
Let N L > n. 

Mu&Bk n (u? =1 i^J c ) = M (u£s^ A ur =1 Bjf J - M *(u£iBk A u?=i s k) 

^(UZ^A Ul\ B* Kl ) + ^(UZ^A U? =1 Bjf J. 
This implies that lim7t({YL} p|(lj" =1 ^ Qi ) c ) = 0. Therefore by the uniqueness 

ofU£i^,TO = U£i^i- 

□ 

Theorem 2. F is a a-algebra isomorphism between ft and S/„. 
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Proof. We already showed that F is a one to one, onto map in Theorem [TJ 

Since, in general, ImL4„ UB„= hnL4„ U hm_B„, F(- \J •) = F(-) U F(-) follows 

immediately. 
Let {B n } G H. 
Then, 

F{{E^f) = F({(i?„) c })=IW(i? /( „ ) ) c = (limi? /(ll) ) c = (IEB /(w) ) c a.e.. 

Note: by the construction of f(n), ]hriBf( n ) = linxB/(„) a.e. Thus, F(- c ) = F(-) c 
in S/„. 

Similarly, F{- f] •) = F(- c U ' C ) C = [F (- c ) U F(- C )] c = F(-) n F(-). 
Let F ai 6 O for i > 1 and F tti = 

Then for each i, there exists a Si = UnxB"L^ G S such that lim/x*(i?" i AS 1 ;) = 0. 
Now suppose we have {Yl} in the same manner as Lemma [21 By design, {Yl} 
converges to L)°l 1 Si. Then {Yl} = Ui=i ^a, by LemmadJ Now we have 

oo oo 

F((J F Qi ) = F(Q W}) = F({n}) = » /(L) . 

i=l i=l 

Since lim/i*(r L AlWy /(i) ) = and lim/i*(Yz,A Ugj S",) = 0, we have limY /(I ,) = 
Ug^i a.e.. In addition, Ug^Sj = U^ 1 F({B{f 7 }). 
Thus, 

OO 

F(|jF CKi ) = U- 1 F(F ai ). 

i=l 

Therefore, the claim follows. 

□ 

3. Conclusion 

Theorem [1] and [2] show that the completion of £1 is isometric and c-algebra 
isomorphic to S/^ . Thus the completion of f2 is isometric and cr-algebra isomorphic 
to the Catheordory Extension under the equivalence relation ~ by the conclusion 
in [5]. 
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